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INTRODUCTION 



The Elementary Mathematics Guide — K-7 was prepared to assist elementary 
teachers in planning and directing a logical, sequential program in modern mathe- 
matics. Attention is invited to the first section of the Guide which sets forth 
reasons for the development of a new guide in elementary mathematics. 



The Guide outlines basic ideas used in elementary mathematics and includes 
teaching suggestions for developing understanding of these ideas. The Statement 
of Objectives lists ideas and skills which most children might be expected to 
acquire at a given grade level. The form in which these objectives are presented 
was designed to give a picture of sequential development of mathematical ideas 
and skills throughout the elementary school and to indicate scope of emphasis at 
each grade level. , r •'.£/*■/ 



Intuitive understanding of mathematical ideas which children already possess 
is used as the basis for developing greater competence in the use of numbers to 
communicate ideas and to solve problems. Physical modeb are used to introduce 
new ideas and to provide concrete means for solving uuttHr problems. 



Appreciation is expressed to a committee of classroom teachers, elementary 
principals and supervisors, college personnel, and staff members of the Elementary 
Education Service of the State Department of Education, which worked over u 
period of three years to prepare the Guide. Appreciation is also expressed to other 
teachers, principals, and supervisors who joined members of the committee in 
summer workshops devoted to the preparation of material incorporated in the 
Guide. ' "''.''T. ; \ ■ -■ - 
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Mathematics for the Elementary School 

POINT OF VIEW 



A scientific and technological society demands more 
and better training in mathematics for its citizens. The 
needs in such a society and the changes in mathematics 
itself require changes in the teaching of mathematics at 
all levels. Curriculum changes in the elementary school 
have not, however, been as drastic as popular opinion 
concerning the “new math” might lead one to expect. 
A sound curriculum in modern mathematics for the 
elementary school is distinguished by two major char- 
acteristics; 

The mathematical content of the program and 
An approach to teaching that is consistent with the 
best that is knowo about learning. 

MATHEMATICAL CONTENT 

Traditionally the curriculum in the elementary school 
was called arithmetic since it was centered around com- 
putation w'th whole numbers and fractional numbers. 
Now we speak of mathematics in the elementary school 
because it has become apparent that the content may be 
made more meaningful and better continuity provided 
by the introduction of new topics. 

The major new content for elementary school mathe- 
matics consists of sets and set language, properties of 
the various sets of numbers, number sentences, geom- 
etry, and a variety of numeration systems. Much of 
this new content has as its main purpose the improve- 
ment of understanding of the usual content of arith- 
metic. 

The use of sets and set language help 3 to clarify arid 
make more precise the concept of number. The 
union of disjoint sets of objects provides a model 
for the addition of numbers. Separating a set of 
physical objects provides a concrete model for sub- 
traction of numbers. 

The ideas and language of sets provide the vehicle 
for the study of geometric ideas. All geometric fig- 
ures may be viewed as sets of points. A line is a 
set of points; a sphere is a set of points; a circle is 
a set of points. Through the study of sets of points 
and relations among them children can describe with 
precision and clarity the shape of objects found in 
their environment. 

The use of sets and set language enables teachers 
to focus attention on the various number systems 
that are studied in elementary school — the set of 
natural or counting numbers, the set of whole num* 
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bers, the set of fractional numbers and the set of 
rational numbers. A study of the unique properties 
of these various sets of numbers and their applica- 
tions helps the child see the value of each. 

Introduction and use of the properties of the various 
number systems give meaning to the learning of 
number facts and computational algorithms. The 
closure, commutative, associative, distributive, iden- 
tity and inverse properties are basic laws which pro- 
vide the predominant structure for number systems 
used by elementary children. 

For example, to find the sum of 7 and 8, the child 
may think: “I need 3 of the 8 to put with 7 to make 
10; 7 + 3 = 10; and 5 more is 15.” The associative 
property is the basic reason for changing the 
7 + (3 4- 5) to (7 + 3) + 5 to mr+e the adoition 
fact easier. 



To find the product of 7 and 8 a child may think: 
”7 eights is (5 + 2) eights. This is 
(5 X 8) + (2 X 8) = 40 + 16 or 56.’* Naming 
(5 + 2) x 8 as (5 x 8) + (2x8) utilizes the 
distributive property. 



To find »he product of 3 and 4—, the distributive 
property is used to name 



3x(4+i) as(3 X4) -^xj) 



I 



12+ 1— or 13 
2 2 



When we think of structure in work with numbers 
in the elementary school, we think of properties of 
the number systems (closure, commutative, associa- 
tive, identity, inverse and distributive) and charac- 
teristics of the numeration system (base, digits, place 
value, and position). Together these provide the 
basic reasons or main ideas around which a learner 
organizes his thinking and from which he deduces 
facts and computational algorithms. Heavy emphasis 
on the properties does not imply that elementary 
teachers begin with structure. Instead, by repeated 
use of the properties, the structure emerges in the 
child’s mind. Many experiences, ranging from the 
intuitive and concrete to the abstract, in using these 
key ideas build for the learner a sense of their im- 
portance and reel value. 

Use of number sentences, including equations and 
inequalities, helps in solving word problems. A use- 



ful first step in solving a problem is translation of 
the physical situation into the mathematical lan- 
guage of a number sentence. The language of 
mathematics contains symbols comparable to the 
nouns, verbs and phrases used in other communica- 
tion. A situation which requires the equal appor- 
tionment of three dozen cookies among eighteen 
children, when translated into a number sentence, 
may- become: 

(3 X 12) -3- 18 = □ or N= 

Solving the problem then becomes a matter of com- 
pleting familiar operations. 

The use of both equations and inequalities also 
Jiilps in estimating computations. The cost of three 
and one-half dozen eggs at fifty cents per dozen may 
be quickly estimated by the following inequalities: 



3 I 
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x 50 


> 


3 X 50 or $1.50 


3~ 


x 50 


< 


4 X 50 or $2.00 
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Geometry in the elementary school is the study of 
positions and locations in space. A position or loca« 
tion is viewed as a point. Space is the set of all 
points. Through the study of geometry greater un- 
derstanding of shapes in the physical environment is 
obtained. For example: A soap bubble is a physical 
mode? for a set of points called a sphere. The inter- 
section of a sphere and a plane 
passing through the center of the 
sphere is a great circle. The great 
circle is the route for the shortest 
distance between any two points 
on the earth’s surface. 




A 



□ 

unit 



J B 



Geometry is necessary for precise and correct 
development of concepts of measurement. Length, 
for example, is a number of units obtained by com- 
paring a given line segment with a chosen unit. The 
length of AB is 5 units, 
using the unit shown. Area 
is a number of units ob- 
tained by comparing a unit 
region to a given region. 

The area of parallelogram 
region ABCD is 5, using 
the square region shown as B 
the unit. By stressing the 
association of numbers with 
geometric objects in mea- 
surement and through the 
use of a number line, a helpful model is provided 



unit 
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for whole numbers, fractional numbers and opera- 
tions on them. 

Through the study of a variety of numeration sys- 
tems, children are helped to broaden their view of 
essential characteristics of numeration systems and 
to appreciate the rich historical background of 
mathematics. Naming the number of members in 
sit A as 12*1* — one set of six 
and 2 more— gives contrast to 
the base ten in the numeration 
system which we use, when 
12 t i.n names the number of 
members in set B. Naming the 
number 4 in Roman numerals 
as IV shows tne use of sub- 
traction in a numeration sys- 
tem which contrasts with the 
use of only addition in the 
decimal place value system. 

The introduction of other num- 
eration systems ih‘is broadens 
and deepens a fundamental mathematical idea and 
provides one avenue for building interests and appre- 
ciations. 



X X X X x 

X X X X X 

X X 



A 

XXX 

XXX 

X X 



The new content described above is believed tc make 
mathematics more meaningful for the learner. The new 
content also enables he elementary school to provide 
for better continuity as students study more and more 
mathematics. However, the new content does not con- 
stitute the major portion of the elementary school 
mathematics curriculum. The dominant emphasis will 
continue, as in the past, to be the study of whole num- 
bers and Factional numbers. A 

^a+b=b+a 
Va x b = b x a y \ 
u 

f(-3) + 2 = 2 +(-3) 'J 
V^3) X 4 = 4 X (3) X 



Spiral Development 
of 

Mathematical Content 



With the goal to provide 
ever-expanding views of 
central mathematical ideas, 
content is spiraled from 
grade to grade. Ideas are 
introduced at a given grade, 
redeveloped and deepened 
in subsequent grades. For 
example, the commutative, 
associative and distributive 
properties for addition and 
multiplication of whole 
numbers are developed in- 
formally and experimentally 
in the early grades. They 
are later named and used 



/ 2 3 3 2 % \^ 

| 3 4 4 3 | 

1 5 4 4 5 /1 
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( +3 +2 x4 x3 /. 

I 2 x 3 = 3 x 2 
VI +2 



+ 2 =2 + 
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as basic reasons for algorithms Then as the set 
of fractional numbers is studied, properties for ad- 
dition and multiplication are viewed again for applica- 
tion to fractional numbers. Likewise, when the set of 
integers, the set of rational numbers and the set of 
r^al numbers are studied, properties for addition and 
multiplication are again verified. With each successive 
extension of the number system, the goal is to ascertain 
which properties fit operatic' s on the new numbers and 
which properties arc new for the extended number 
systems. 

A numeration system with base of ten is introduced 
in grade one by grouping objects into sets of ten. Place 
value is then introduced. The basic notation of base 
and place value are spiraled throughout the curriculum 
with the goal of deepening the level of generality and 
abstraction. The use of expanded notation, expanded 
notation with exponents, Roman numerals, other an- 
cient numeration systems, and other bases with place 
value are examples of the spiral naturj of numeration. 
As long as a person continues the study of mathe- 
matics, patterns will be generalized and abstracted at 
more sophisticated levels, 



The introduction of new topics into 
the content of elementarv school 
mathematics has made necessary the 
use of new symbols and new vu- 
cabilary. While vocabulary and symbols are useful in 
the communication of ideas in mathematics, the intro- 
duction of new terminology is second to the develop- 
ment uf understanding of the designated idea. For 
example, the names of properties of number systems — 
closure, commutative, associative, identity, inverse and 
distributive— should be delayed until the student has a 
reasonable degree of understanding of the ideas. There 
should be opportunity to talk about toe idea, to use it, 
and then to learn its name for oral and written use. 
This procedure is equally true for symbols — the use of 
braces to denote a set, and the symbols denoting union 
and separation; for the inequalities symbols denoting 
“is greater than” and "is less than"; and for such new 
vocabulary in geometiy as line segment, closed path, 
plane region and spac^ region. 

While there is a slight increase in the total number 
of technical words and symbols in general use, certain 
words that have been in the program have been deleted. 
Some words deleted, such as “minuend,” “subtrahend,” 
“multiplicand” and “multiplier,” have doubtful value 
for the learner and are not maintained in subsequent 
mathematics courses. Other deletions such as “bor- 
rowing” and “carrying” have been made because they 
tend to convey misleading ideas. 







Terminology is an integral ^ art of the content of 
elementary school mathematics, but if introduced be- 
fore understanding is developed, it may handicap or 
inhibit development of ideas. Dy the age of nine or 
ten many children arc interested and have readiness 
for new terminology. However, caution should be 
exorcised to insure that words and symbols do not 
become confused with mathematical content. 

APPROACH TV TEACHING 

Development of Understanding. One main goal of 
modern mathematics in schools is the development of 
greater understanding on the part of pupils. Greater 
understanding means lODgtr retention, better applica- 
tion of new ideas, and improved power in reasoning 
and problem solving. This has been a goal for mathe- 
matics education for many years ar 1 much of the 
present movement is toward the further realization and 
delineation of this goal. 

Development of Competence in Computation. Con- 
comitant with the goal of understanding is the develop- 
ment of competence in computation. Subsequent 
mathematical ideas are more difficult, if not impossible, 
to de tlop without skill in computation. The skill to 
be expected by the teacher must vary with individual 
pupiis. Knowledge of pupil maturity, and the mathe- 
matical or social need for the skill determine expecta- 
tions set by the teacher. 

Experiences with Concrete Materials. In developing 
understanding of mathematics and competence in com- 
putation it is important that a child's first experience 
with any new topic be related to his previous back- 
ground ^nd experience. For many n^w topics puoil.; 
need to handle and manipulate physical obiects to pro- 
vide . xpcrience needed to make the transition to ab- 
stract ideas. For example, experience which the child 
has in physically moving sets of objects together pro- 
vides foundation fo r developing the concept of addi- 
tion Much soch physical combining is needed for thj 
learner to make a smooth transition to imagined com- 
bining of objects and finally to the abstraction. In the 
primary grades where formal work in making the tran- 
sition from concrete objects to abstract ide*.s begins, 
it is important that each child have manipulative ma- 
terials at hand which he is free to use at any time to 
help in the discovery of a number fact or the verifica- 
tion of a mathematical idea. 

Transition from Concrete to Abstract. As pupils* 
concepts become more mature, the need for experience 
with concrete materials decreases because they are able 
to use previous ideas to learn new ones. However, the 
transition from concrete to abstract should not be too 
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Symbols 

and 

Vocabulary 



abrupt. Many children may need to work from time 
to time with sets of objects or physical models in order 
to re-establish understanding or to visualize a new 
concept. The teacher should encourage interplay be- 
tween concrete and abstract for purposes of application, 
redevelopment and review. 



sponses, the teacher leads pupils to see that the num- 
3 

ber - shows the part that is shaded. The fractional 




and 5 but is not a whole number itself. 



Involvement of Pupils in Instructional Goals. It is 
generally agreed that those goals which children ac- 
cept as their own are most effective in motivating learn- 
ing. Help'ng children set worthwhile goals is difficult. 
They more readily accept instructional goals when 
there is interest in the topic, when the topic is related 
to .amiliar ideas, when application of knowledge and 
skill can be made to th’eir own lives or when a chal- 
lenge is accepted. Having set a goat, children must 
have opportunity to gain a sense of achievement. The 
teacher should guarantee this sente of achievement for 
each pupil who exerts a reasonable amount of effort. 

Involvement Through Discovery. It is the goal for 
every child in the class to become actively involved in 
the learning process. An atmosphere of discovery helps 
achieve this goal. In a discovery oriented class, teach- 
ers ask thought provoking questions, wait for responses 
from children and build subsequent questions around 
these response,**. Such questions may lead pupils step- 
by-step toward a desired conclusion or they may be 
open-ended to provide freedom and flexibility in the 
way learners approach problems. Encouraging children 
to talk about ideas gives teachers an inside view of 
thinking and also gives a child insight into his own 
thought processes. There is ego reinforcement when 
someone listens. 

Acceptance of Varied Responses. In a class where 
discovery by pupils is valued, teachers must be willing 
to accept a variety of responses. For example, a teacher 
may ask; “Can you use a whole number to fell what 
part of the region is colored?” Some pupil may reply, 
“Yes, the number 3.” Another may reply, “Yes, the 
number 5.” Both pupils show understanding of the 
question. 






The teacher must recognize this degree of under- 
standing and proceed with other questions. The 
teacher may then ask: “Does the number 3 tell what 
part of the region is colored or does it tell the number 
of pieces?” “Does the number 5 tell the total number 
of pieces or the part that is shaded?” Through recog- 
nition of the thinking reflected in the variety of re- 



Yariety in Algorithms. In a class where understand- 
ing is valued, teachers encourage the use of longer 
algorithms. For example, the algorithms in A and in 
B are longer but may be more meaningful than the 
shorter one. When pupils are introduced to the com- 
pact algorithm, transition from the longer to the shorter 
form must be smooth and understandable for the 
learners. For some pupils transition to the more ab- 
breviated algorithm C may be omitted completely 
without harm. 
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Understanding Followed by Practice. Questions and 
classroom discussion are vital in developing under- 
standing of an idea or procedure and are necessary 
predecessors of practice. Practice that follows should 
provide for varied use and application of the topic. 
Work done by a child must be checked carefully by 
the teacher as soon as possible to insure success for 
the learner and to provide the teacher with information 
for further planning. Systematic review work is neces- 
sary if the topic is to remain in the learner’s repertoire. 

Acceptance of Difference In Achievement. In any 
classroom teachers should expect wide variation in 
pupil responses and achievement. From some students 
the teacher should expect more insightful answers to 
questions and more astute observations. From others 
teachers should ccpect insight not so deep nor observa- 
tions so profound. But from all pupils teachers can 
expect growth from year lo year in mathematical ma- 
turity, competence in compulation and ability in prob- 
lem solving. 
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Development of Problem Solving Altitude. In mathe- 
matics it is a goal for pupils to develop a problem 
solving attitude. This attitude is encouraged and sup- 
ported by a discovery oriented classroom where prob- 
lems are posed by teachers and by pupils. If a prob- 
lem engages pupils, the ensuing activity points in the 
direction of solving it. This is problem solving in its 
broadest sense. 

Solution of \Yo r d Problems. A proper subset of the 
set of problems that engage pupils is the set of verbal 
or story problems which illustrate applications of 
mathematics. Applications are drawn from everyday 
experiences of pupils and of people they know. Where 
feasible, applications from other subject aieas, such as 
science tnd social studies, are to be sought and ex- 
ploited. With each problem the goal is to select the 
mathematical model that fits the practical situation. 
The mathematical model, such as addition, is often 
stated as a number sentence. See Problem Solving , 
page 153. The choice of a number sentence to express 
the mathematical model forces pupils to give attention 
to the ana T ysis o f the problem rather then plunging 
blindly into computation with the hope that the answer 
is correct. For many pupils, practical applications pro- 
vide the prime motivation ter studying mathematics. 
This phase of problem solving then, must continue to 
receive emphasis in a sound elementary school pro- 
gram. 

When enough time is spent on manipulation of con- 
crete objects, discussion of ideas, utilization of varied 
pupil responses, solution of practical problems and 
appropriate practice, mathematical content makesser.se. 
When content makes sense, the child becomes actively 
involved in the learning process and builds a firm 
foundation of competence on which to move ahead. 

Evaluation, a Reflection of All Goals. Evaluation of 
the outcomes of the teaching of mathematics must give 
attention to ail goals and must use techniques that focus 
on appropriate pupil behavior. If teachers aim t ' <dve 
attention to goals of understating a* well as to 6 ^.)$ 



of computation, then evaluation must reveal degree of 
undeistanding as well as degree of skill in computation. 
If the development of active, or lifelong interest in the 
study of mathematics is a goal for elementary school 
children, then means for determining extent and growth 
of interest must be devised and used. If understanding 
and appreciation of the contributions of mathematics 
to civilization- —past, present and future — is a goal, 
then avenues must be opened to enable children to 
communicate or demonstrate interest, understanding 
and appreciation. 

Standardized tests and other paper and pencil tests 
should continue to be used to assess both understand- 
ing and skill in computation. Equally important is the 
use of observations and oral questions as children 
manipulate concrete materials, work independently on 
practice material or explore ways to solve problems. 
Interviews or discussions with individuals or ?mall 
groups may reveal understanding of basic ideas or 
operational procedure, attitudes toward the study of 
mathematics, or appreciation of the part played by 
mathematics in the development of the modern world. 

Evaluation of this type makes less demand on 
teachers to correct papers after school. Instead, the 
teacher assesses progress in the classroom by watch- 
ing children at work, checking papers as work goes 
on and analyzing questions and oral responses. Evalua- 
tion which becomes an individual process related to the 
growth that a child has made and the help that is 
needed as he develops understanding and skill cannot 
be reduced to a sco ;e or letter grade that merely in- 
dicates the number of correct answers on a written 
lesson. 

Evaluation, a Basis for Planning Instruction. The 
real purpose of evaluation is the assessment of strengths 
and weaknesses to enable the teacher to plan sub- 
sequent instruction more effectively. Machines and 
testing devices are helpful in collecting data on strengths 
and weaknesses, but no machine can make the kind of 
assessment which helps a child move ahead. Only a 
knowledgeable, sensitive teacher can do this. 



MATHEMATICAL STRANDS WITH TEACHING SUGGESTIONS 

SETS AND NUMBERS 



A set is a collection of things so described or defined that it is possible to determine that a particular thing 
is a member or element of the set. Sets of objects have been used for many years to help children to count and 
to answer questions involving the idea of "how many.” Not all sets have the same properties but all sets have the 
property of number. The idea of number is a central theme of the school mathematics program. 

Ideas of sets and elementary notions of set theory are used to develop and expand the concept of number in 
this guide. All sets which can be matched in one-to-one correspondence share a common property of number. 
Numerals are names and symbols assigned to a particular number property. 

Numbers can be used in a cardinal sense to answer questions of how many. They can also be used in an 
ordinal sense to answer questions of which one. When elements of a set are arranged in a definite order, an ordinal 
number describes the position of an element in the given set, as a student ; s third in line or he is reading page 
20, the twentieth page. 

Although the study of number is extended in this guide to include the set of rational numbers, emphasis in 
elementary school is concentrated on the set of whole numbers and the s^t of fractional or positive rational 
numbers. 



Mathematical Ideas 



The Meaning o! a Set 

A set is a well defined collection. The 
collection may consist of physical ob- 
jects, alike or unlike, or abstract ideas, 
alike or unlike. The things in a set 
are usually called elements or mem- 
bers. A set is well defined if a given 
object or idea may be identified as 
belonging to or not belonging to the 
set. 

Conventionally, set elements are en- 
closed in braces and the set is named 
by a capital letter. 

The elements of a set may be listed 
individually or identified by a de- 
scriptive phrase. 



One o-one Correspondence 

Two sets A and B are in one-to-one 
correspondence if each element in A 
can be matched with a single ele- 
ment in B and each element in B can 
be matched with a single element 
in A. 



Illustrations ami Explanations 




! A -:i 


u 


A-l 




• j 


1 


1 


- 



C = (5, 9, 7, 3. I) r -/ AI1 ° <ld numbers 1 

( less than ten | 




The members of Set S and Set P are matched in one-to-one corres- 
pondence. 

The members of Set N, Set C, and Set B arc in one-to-one corres- 
pondence with each other. 




6 



12 






Mathematical Ideas 



Illustrations and Explanations 



The fundamental basis for the con- 
cept of number is one-to-one corre- 
spondence or pairing of the elements 
of one set with the elements of an- 
other set. Before man devised a sys 
tem of counting, he used one-to-one 
correspondence to keep records. 
Shepherds kept track of sheep ’ 
matching a pebble with a sheep, 
record of time was kept by pairing 
each day with a mark on a stick or a 
stone. 

Number 

The one property shared by all sets 
is the property of how many. This is 
called the number property of the 
sets. 



Equivalent sets: If two sets are in 
one-to-one correspondence, they are 
said to be equivalent. Equivalent sets 
have the same cardinal number. 



One-to-one correspondence is the idea involved in set equivalence 
and can be used in developing a sound concept of number. 




Set R Set Q 



SetZ 



The number property of Set S above, for example, is 3. 



The number property of Set R above is 5. 

All other sets in one-to-one corresponder.ee with Set S have the same 
number property or cardinal number, 3. 



All other sets in one-to-one correspondence with Set R have the same 
number property or cardinal number, 5. 




Sets A and B are in one-to- 
one correspondence. The cardi- 
nal number of each is 3. 



Sets L and N are in one-to- 
one correspondence. The cardi- 
nal number of each is 5. 



Non-equivalent sets: If two sets are 
not in one-to-one correspondence, 
they ate non-equivalent sets and have 
different cardinal numbers. The set 
containing more members has a card- 
inal number greater than the cardinal 
number of the other. The set with 
fewer members has a cardinal number 
less than the other. 




Set Y has more members than 
Set Z. Set Z has fewer elements 
than Set Y. The cardinal num- 
ber of Set Y is greater than the 
caidinal number of Set Z. 



The comparison of the numbers may be shown by using the symbol < 
to mean is less than and the symbol > to mean is greater than. 

4 > 3 Four is greater than three. 

3 < 4 Three is less than four. 
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Also, 



N(Y) >N(Z) 
N(Z) <N(Y) 



Math'iiatic&I Ideas 



Illustrations and Explanations 



The N preceding the name of the set means “the number property 
of the set.” 

This use of N is not the same as the use of n as a variable in 
sentence such as n + 5 = 7 . 



When sets are arranged in order of 
one more cardinal numbers 

of the sets are ordered and become 
the counting numbers. 



{*) {*, *} {*, *, ★} {* * * *} 
1 2 3 ' 4 ' 




Variables 

A variable is a symbol that may be 
replaced by any element from a given 
set. Symbols such as □, A, o are 
used in early grades and letters such 
as n, x, or y in later grades. 

The solution of a mathematical sen- 
tence with variables is the set of num- 
bers that replaces the variables and 
makes the sentence true. 

When the variable in a sentence is re- 
placed by an, element from the given 
set, the sentence may be classified as 
“true” or “false.” 



Examples from the set of whole numbers; 

□ + 2 = 9 This sentence is neither true nor false. If □ is replaced 
by 7, the sentence reads 7+2 = 9 which is a true state- 
ment. Thus 7 is a solution to the open sentence . 



y - 7 = 4 If y is replaced by 9, the sentence reads 9-7 = 4 
which is false. Thus 9 is not an element of tht: solution 
set. However, if y is replaced by II, the sentence reads 
11 —7 = 4 an< j 1 1 |s a solution. 

5 — 8 = n This sentence has no solution in the set of whole num- 
bers. There is no whole number that can replace n such 
that the sentence will be true. Hence, the solution is 
the empty set. 



When a given variable occurs more 
than once in a sentence, the same ele- 
ment is used for each occurrence of 
the variable. 

When different variables occur, they 
may represent different numbers or 
the same numbers. 



Counting 

Counting is the process of finding 
how many elements there are in a set. 
In counting, the elements of a set are 
matched with the counting numbers 
beginning with one. The last name 



Example from the set of integers: 

5 - 8 = n There is a number in the set of integers that can replace 
n such that the sentence is a true statement, namely ~ 3 . 
Thus the solution is “3 because 5 - 8 = -3. 



Examples from the set of whole numbers: 



□ X □ = 36 


□ + □ 


= 12 


6 X 6 = 36 


6 + i 


6 




{6} 


{6} 






□ + A = 10 


□ 




A 




8 




2 


Some pairs of numbers that make the 


4 




6 


sentence true are shown. 


0 




10 




5 




5 




The cardinal number of the set is “5.” 
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said in one-to-one correspondence 
of number names with elements of a 
set is the cardinal number of that set. 
This cardinal number names the num- 
ber property of the set. 



As elements of a set are counted, each 
element is named in a definite order. 
The order or position erf each element 
is designated by an crdinal number. 



Set Terminology 

Equal sets: Two sets are equal if and 
only if they contain exactly the same 
members. 



January is the first month of the year. 

February is the second month of the year. 

March is the third month of the year. 

First, second, and third are ordinal numbers which specify the order 
in which months are named in the year. 



A = {*} B = {*} A = B 

E= {1,3,5} F ={5,1,3} E = F 

C ={2,4,6} D ={3,5,7} C^D 



Set C and Set D are not equal. However, Set C is equivalent to Set D 
since the elements of Set C can be matched in one-to-one correspond- 
ence with the elements of Set D. 



\ 

\ 



\ 



When the symbol is used in mathematics, it means is identical 
to or « exactly the same as. For example, if A and B are sets, 
A = B means Set A is identical to Set B. For numbers, 5 + 3 = 8 
means 5+3 represents the same number as 8 even though the 



numerals “5 + 3* * and “8” are different. 



1 2 

Likewise — = - means 
2 4 



1 2 1 
that — names exactly the same number as - even though and 



2 * 

* 4 — 1 M are different fractions (symbols). The symbol ^ is used to 

4 

indicate is not identical to or is not exactly the same as. 



Disjoint sets: Disjoint sets are sets 
which have no members in common. 




John 




Bill 


Jane 




Nell 


Alice 




Jo 



Empty set : The empty set is a set 
containing no members or elements. 
Zero is the number associated with 
the empty set and is its cardinal 
number. 




{ } 
Set M 



The Set M is 
an empty set. 



Another symbol for th? empty tet is 0. 
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Mathematical Ideas 



Illustrations and Explanations 



Subset: A subset of A is a set B 
such that each element of B is an ele- 
ment of A. Set B may contain every 
element of Set A. By agreement, the 
empty set is a subset of all sets. 




Set of all boys in the 
school. 

Set of red-haired boys 
in the school. 



} 

} 



Finite set: A finite set is a set whose 
members can be counted with the 
counting coming to an end. 



Infinite set: An infinite set is a set 
whose elements cannot be counted so 
that the counting comes to an end. 
There is no last number. 



Set Operation 

Union of sets: The union of two sets 
is the set consisting of the elements 
contained in either set or in both set;. 



The set of red-haired boys is 
a subset of the set of all boys 
in school. 



Set B 

D = {All days in the week) 

C = {Mary, Jane, Jim} 

N = {All whole numbers less than 6} 




X Y 

P Z 

Set A 



Set B is a subset of Set A. 



The se* of all counting numbers 
Set C {I, 2, 3, 4,...} 

The symbol ... is placed after the last element of an infinite set 
to denote “continuation in this manner indefinitely.” 



X X 


u 


Y 




X X Y 


X X 


Y 




X X Y 


Set A 




Set B 




SetC 



If an element is a member of both 
sets, the element is listed only once 
in the union of two sets. 



The union of a set with the empty set 
i* the set itself. 



Sets are joined, not added, and the symbol for set union is U. 
{xxxx} U {yy} = j Set A U Set B — Set C 
The operation of joining disjoint sets is 



Set B A U B = {/, m, n, o, p) 

{A, B, C} U { } = {A, B, C} 





The union of the empty’ set with another set may be used to establish 
zero as the identity element in addition. 
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Mathematical Ideas 



Illustrations and Explanation 



Separation of sets: Set separation 
involves partitioning members of a 
set to form subsets. 





A set of five boxes may be separated into several pairs of subsets 
such as: 



3 boxes and 2 boxes 

4 boxes and 1 box 

5 boxes and 0 boxes 

| Separating a set into two subsets may be used to introduce the 
} idea of subtraction. 



Inte r section of sets : The intersection 
of two sets is a set consisting of the 
elements that ace common to the two 
sets. 



Set A 


Jane 




Sue 


Joe Bob j 


■ 


j Nell Sallie j 




Phil 


Set B 


Al 



A = {Joe, Bob, Jan, Nell, Sallie} 
B = {Jane, Sue, Jan, Phil, Al) 



The symbol for inter- 
section is n, 

A 0 B = Jan 




Set C Set D 
CDD={5, 6} 



The intersection of two disjoint sets is 
the empty set. 




SetE 




Set F 




e n f = { } 



The ideas involved in the intersection of se s are used in many 
topics in geometry. 



Summary of Sets of Numbers 

Counting numbers: The set of count- 
ing or natural numbers begins with 
one and continues without end. 



Example: Natural Numbers 
N 5= {1, 2, 3, 4, 5,...} 

I 



1 



The set o/ whole numbers: The set Example: Whole Numbers 

of whole numbers consists of zero and W = {0, 1, 2, 3, 4, 5, . . .} 

all of the counting or natural num* ( t 

bers. ** 



1 



i 



in 



2 

j. 



2 

ii 



o 
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Mathematical Ideas 



JUustrafions and Explanations 



The set of integers; The set of in- 
tegers consists of the set of whole 
numbers and the set of negatives of 
the natural numbers. 



Example; Integers 

I = {• . . -2, -1, 0, +1, f2 t . . .} 

‘2 -l o 



2 

i 



The set of fractional numbers: The 
set cf fractional numbers consists of 
numbers which are written in the 

form — , where a and b are whole num- 
D 

bers and b * 0. 



The set of rational numbers: The set 
of rational numbers consists of num- 
bers which can be expressed in the 



form of — where a and b are integers 
b 

and b ¥* 0. 

The sets of counting 
numbers, the whole numbers, the frac- 
tional numbers and the negatives of 
all of these numbers are subsets of the 
set of rational numbers. 



The set of irrational numbers: The set 
of irrational numbers consists of num- 
bers that match points on a line and 
which cannot be expressed in the 

form—, where a and b are integers, 
b ¥* 0. 



o 

ERIC 



Example; Fractional Numbers 

5 7 4 ) 

6* 8* 2 / 

-2 -1 



'-{f 



0 

i 

0 

3 



Example: Rational Numbers 



R={3. 

“2 



-6 -5 -4 

3 3 3 



1 , 6 , 1 , 1 , 0 . 

2 6 3 

1 



‘3 -2 - 1 

3 3 3 



} 

0 

U. 




1 



1 1 
2 2 



3^ 

2 



2 



4 

2 



2 

4 

2 



Example; Irrational Numbers 

The symbol V represents the square root of. 

Since there is no rational number which when multiplied by itself, 
exactly equals 2, there is no rational representation of \/2. However, 
a rational approximation can be made to any desired degree of pre- 
cision. 



There is a point on the number line that corresponds to every rational 
number. However, there are points on the number line that do not 
correspond to any rational number. One of these points is demon- 
strated below. 



\/2 , 
/ 

/ 

/ 

/ 



"i\ 



V2 



By the Pythagorean Theorem the sum of the squares of the sides of a 
right triangle is equal to the square of the hypotenuse. Applying 
theorem to the above triangle the hypotenuse is \2. Using a compass 
with radius equal to \/2*, and describing an arc to intersect the number 
line, the point of intersection is y/2. This point of intersection corre- 
sponds to the number \/I. This same point does not correspond to a 
rational number. 
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Mathematical Ideas 


Illustrations and Explanations 


The set of real numbers: The set of 

rational numbers and the set of irra- 
tional numbers. There is a one-to-one 


-2 1 0 1 2 

-6 -3 -2 -1 1 2 3 4 V2 I 

3 333 4444 4 


correspondence between real numbers 
and all points on the number line. 


For each real number there is a point on the number line. For each 
point on the number line there is a real number. 


Elementary Aspects of Number T 


Even numbers: {0, 2, 4, 6, 8 , . . .) 


Even numbers : A whole number that 
is the product of 2 and a whole num- 
ber is called an even number. 


0 = 2X0 
2 = 2X1 
4 = 2X2 
6 = 2X3 
8 = 2X4 


Odd numbers: Any whole number 


Odd numbers: {1, 3, 5, 7, 9, . . .) 


that is not an even number is an odd 
number. If a whole number is di- 
vided by 2 and yields a remainder of 
1, the number is an odd number. 


1 = (2 X 0) + 1 
3 = (2 X 1) + 1 
5 = (2 x 2) + 1 
7 = (2 x 3) + 1 
9 = (2 X 4) + 1 


Prime numbers: A prime number is 
a counting number greater than 1 that 
has only itself and 1 as factors. With 
the exception of the number 2, all 
prime numbers are odd numbers. 
There is no greatest prime number. 


The set of the first eight prime numbers = {2, 3, 5, 7, 11, 13, 17, 19.} 


Composite numbers: A composite 
number is a counting number greater 
than 1 that is not a prime number. 


The set of the first ten composite numbers = {4, 6, 8, 9, 10, 12, 14, 
15, 16, 18.) 


Prime factorization: Every composite 
number can be expressed as a product 
of primes in exactly one way except 
for the order in which the prime fac- 


Pairs of factors of 36 are shown on the second line (from the top) of 
the factor tree. Each factor that is not prime is factored again. The 
prime factors of 36 are shown on the bottom row. 


tors appear in the product. This is the 
fundamental theorem of arithmetic. 


A A A 

A A / A A A 

2323 / / f\ 2233 

3 3 2 2 

36 

/\ 

2 J J 36 = 2X2X3X3=22X3* 

2 2 3 3 


o 
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Mathematical Ideas 



Illustrations and Explanations 



The greatest common factor of two 
counting numbers: The greatest com- 
mon factor of two counting numbers 
is the greatest number which is a 
factor of both given numbers. 



There are two ways to find greatest common factors (g.c.f.). 

The g.c.f. of 12 and 18 is the greatest number which is a factor 
of both 12 and 18. 



1. L'st the factors of both numbers and note the greatest factor com- 
mon to them. 

Factors of 12: I, 2, 3, 4, 6, 12 
Factors of 18: 1, 2, 3, 6, 9, 18 
Common factors: 1, 2, 3, 6 
g.c.f. is 6. 

2. Factor each number into its prime factorization. 

12 = 2 X 2 X 3 
18 = 2X3X3 

The prime factors common to both numbers are 2 end 3. Then 
2 X 3 = 6 is the g.c.f. of 12 and 18. 



The intersection of the two sets of multiples is the set of common 
multiples: 24, 48, 72, 96 ... The l.c.m. is 24. 

2. Factor each number into its prime factors. The l.c.m. is the product 
of the greatest common factor and the remaining factors. 

Example: Find the l.c.m. of 8 and 12. 

8 = 2 X 2 X 2 
1? = 2 X 2 X 3 

Greatest common factor is 2 x 2 
The remaining factors are 2 and 3 
l.c.m. = (2 X 2) X 2 X 3 
l.c m. is 24. 



To find the l.c.m. of three numbers: 

1. Find the l.c.m. of two of the numbers. Then find the l.c m. of 
these two numbers and the third number. In a similar way, the 
l.c.m. of four or more numbers is found. 

Example: Find the l.c.m. of 8, 12, and 15. 

l.c.m. of 8 and 12 is 24 

l.c.m. of 24 and 15 is 120 

Hfnce, l.c.m. of 8, 12, and 15 is 120. 



The least conunon multiple of a set 
of counting numbers: The least com- 
mon multiple (l.c.m.) of a set of 
counting numbers is the least number 
that is a multiple of the numbers. 



To find the least common multiple of two numbers: 



1. List the counting number multiples of each number. Then note the 
least multiple common to the numbers. 

Example: Find the l.c.m. of 8 and 12. 

Counting number multiples of 8: 8, I 32, 40, 48 . . . 
Counting number multiples of 12: 12 16, 48, 60 . . . 
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Mathematical Ideas 



Illustrations and Explanations 



2. Divide the numbers of the set by successive prime numbers until 
all the quotients are one. If a number is not divisible by the prime 
number, repeat the number on the next line. 



8 


12 


15 


4 


6 


15 


2 


3 


15 


1 


3 


15 


1 


1 


5 



1 1 



Then the Lc.m. is the product of the prime divisors. 
Lc.m. = 2 X 2 X 2 X 3 X 5 
= 120 



Most attention is given in the elementary school to the positive rational numbers and zero. Although the 
theory behind imaginary numtx * is beyond the scope of a guide for elementary school mathematics, ihc set ot 
imaginary numbers is included in the diagram below to indicate to teachers that later courses in mathematics may 
extend the study of numbers to encompass the entire system of complex numbers. 



Diagram of the Complex Number System 



Negatives of the 
Natural Numbers 



Irrational Numbers 

The Fractional 
Numben and the Negatives 
of the Fractional Numbers 



Rational Numbers 



Zero 



Natural Numben 



Whole Numbers 



Intcgen 



Imaginary Numbers 



Complex I /umbers 



Real Numbers 
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TEACHING SUGGESTIONS FOR SETS AND NUMBERS 



The Mearvng of Set 



Number 



Children enter school with some understanding of 
sets. From familiarity with a pair of shoes, a set of 
dishes, a bunch of carrots, a flock of birds, or a collec- 
tion of rocks children recognize many synonyms for 
the word set. Sets are recognized as crayons are placed 
in boxes, books filed on shelves, pictures arranged on 
bulletin boards, dishes placed on trays or children 
grouped fc r games. Games may be developed to 
identify and describe many more sets in the environ- 
ment. Familiar objects may be classified and grouped 
by size, shape, color or use. 

« 

Although a collection may consist of more than one 
object, the noun set is singular and refers to one 
group. It is use of the idea of set that is of real sig- 
nificance in elementary mathematics. Over emphasis 
or over formalization of either set vocabulary or sym- 
bols may, in fact, be detrimental in helping children to 
develop understanding of the important uses of sets >n 
number work and in geometry. 



One-to-one Correspondence 

As opportunity is provided for children to find their 
own chairs, distribute books or material, match pairs 
of objects or objects to pictures, understanding of one- 
to-one correspondence develops. Matching fingers of 
glove to fingers on a hand, of mittens to hands, of 
hands to eyes, of eyes to ears, of feet to shoes arc 
examples of one-to-one correspondence with which a 
child is personally concerned. Many of the folk tales 
with which the child is familiar, such as “The Three 
Kittens/' “Goldie Locks and the Three Bears,” “Snow 
White and the Seven Dwarfs,” capitalize on the idea of 
correspondence. As children dramatize these stories, 
they reinforce ideas of correspondence. 



Sound concepts of number develop slowly over long 
periods of time. Since concepts grow from individual 
manipulation and observation of phys\ A objects, it is 
mandatory that provision be made for children to have 
many experiences with concrete and semi-concrete ma- 
terials to develop understanding of the number property 



of sets. 

B= {jf J } 

G= } 

H = {■, •, •, •} 



E = { *, A, *, ■, ■ } 
F = {X, X,X } 

j = {4, 4 , 4 , 1,4} 
K= ifl. ■. •. 



Although ideas of equivalence and non-equivalence 
are developed almost simultaneously, it may be simpler 
to introduce non-equivalent sets first, particularly when 
the two sets are obviously non-equivalent For ex- 
ample, begin with sets such as A and B where com- 
parison is obvious and move to other examples as 
shown where careful matching is needed. 




• • 

• •• 



• •• M 



I 

Ml 



From manipulation of concrete objects teachers may 
move to semi-concrete representation on felt boards or 
bulletin board to extend understanding. Care should be 
taicen to shew that the one-to-one correspondence exists 
regardless of the position of elements within the sets. 
Elements of sets arranged compactly may be scattered 
or rearranged to present many different patterns. Den- 
sity and arrangement tend to influence a child’s per- 
ception of one-to-one correspondence. Variety in kinds 
and shapes of elements, arrangements of the elements 
and ways in which sets are matched broadens the con- 
cept of one-to-one correspondence. Equally important 
is the need to provide opportunities for observation 
and discussion as ideas of correspondence develop. 



Sets should be arranged in many patterns — regular, 
irregular, compact and scattered — in order that the 
number property of the set may not be confused with 
the size of elements or the amount of space occupied 
by objects in the set. 

Counting 

Care should be taken to see that number names are 
learned in relation to concrete objects and that the 
number names are ordered. Many children enter school 
knowing number names and this knowledge should be 
recognized and utilized. Songs such as “Ten L ittle In- 
dians,” “One Potato,” “This Old Man” and various 
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counting rhymes and finger plays are helpful in order- 
ing the names. Counting ; is children march utilizes 
rhythmic sense that reinforces leaning of number 
names in order. 

Although the terms cardinal and ordinal are not used 
in elementary school., it is important that children be 
able to use number in the cardinal sense of “how many” 
and the ordinal sense of “which one.” In using num- 
ber in the ordinal sense care must be taken to insure 
that children know where counting has started in estab- 
lishing the order: left, righl, up, down, front and back. 
The cafeteria line may be used to show the importance 
of a point of reference since it makes a difference 
when a child is fourth from the front or fourth from the 
back of the line. 

The number name, four, may also be used in the 
ordinal sense of “which one.” For example, the posi- 
tion of the marked object, counting from the left can 
be named as “three” or “third.” The context in which 
names such as “three,” “six,” “ten,” are used will indi- 
cate whether the number is used in an ordinal or a 
cardinal sense. 



Set Terminology 

Equivalent sets : See Number, page 7. 

Equal sets: The idea of equality may be most 
effectively developed by rearranging elements in a 
given set to demonstrate that change in pattern in no 
sense changes the set since it still contains the same 
members. Each new arrangement forms a set that is 
equal to the original. 

Empty sets: Meaning of the empty set may be de- 
veloped through such activities as these: 

1. Placing collections of materials 'n 4 of 5 con- 
tainers (bags, covered b 07 .es, jars, pockets), 
leaving one container with no members and 
pointing out that this set is called :he empty 
set. 

2. Asking children to describe the sets in the room 
which have no members. For example: the set 
of boys with green hair, the set of elephants, 
the set of girls two years old. 

After the meaning of empty set is understood, zero 
is introduced as the cardinal number of the empty set. 
Activities similar to those described above may be used 
by asking children to give the number of the set, stress* 




icg the fact that the number of the set with no mem- 
bers is zero. 

To develop further the idea that zero is the number 
of the empty set, there may be a discussion of a series 
of sets. Objects in a box may be counted to determine 
the number of elements in the set. Objects may be re- 
moved one ct a time, counting after each removal to 
establish the number then in the set. When all elements 
have been removed, zero is established as the number 
name of the set with no members, or the empty set. 
“Zero,” not “none,” is the answer to the question, 
“How mary members in the empty set?” 

Subsets: Such activities as the following may be 
us^d to develop the idea of subsets: 

> 1. Using children in the room as members of a 
set then asking the subset of children wearing 
glasses to raise hands; the subset of children 
with blond hair to stand; the subset of children 
with orange eyes to come to the front of the 
room, etc. 

2. Separating sets of objects into a variety of sub- 
sets. 

3. Using yarn to encircle various subsets of felt 
objects on the fiannel board. 

4. Describing the members of subsets of a given 
set. For example, naming members of the 
subset of months from June to December. 

Infinite sets: While it is not important to teach the 
terms finite and infinite, these ideas are important in 
developing the concept that there is no greatest count- 
ing number. Even pi mary children can understand 
that there is always a next greater number. 

In upper elementary grades children may be asked 
to name the greatest number they know, then to de- 
termine whether there is a greater number. After dis- 
cussion of this they discover that counting goes on and 
on. 

Set Operation 

Union of sets: The union of disjoint sets may be 
illustrated by: 

1. Having four boys join three girls to form a new 
set of children. 

2. Moving two rows of desks together to demon- 
strate joining of sets. 

3. Stringing sets of beaas. 

4. Joining sets of objects or pictures on the fiannel 
board or on the magnetic board. 
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Later children form the union of sets which are not 
disjoint and may use sets whose members are words, 
numbers, or gtometric figures. For example: 

A = {1, 3, 5, 7, 9} B = {3, 6, 9} 

A U B = {1, 3, 5, 6 t 7, 9) 



1. Giving each child a set of counters; asking that 
these counters be separated into two sets. 

2. Placing objects on the flannel board, and using 
a ruler, pencil, or string to show separation into 
subsets. 



Intersection of sets : The intersection of sets may be 
illustrated by: 

1. Asking children in row one to raise hands, 
asking children in column one to stand, and dis- 
cussing the one who is both standing and raising 
his hand to demonstrate that this child is in the 
intersection. 

2. Discussing activities in which pupils participate 
outside of the classroom: band, glee club, 
science club, math club, or library dub and 
listing children who belong to the various 
groups. Diagrams may be made to illustrate 
set intersection. For example: 




G = members of Glee Club 
A P B = {Mary, Joe) 

Mary and Joe belong to the intersection of sets 
M and G. 

3. Using a set of books with a set of pencils to 
show that the intersection of two disjoint sets is 




Set union and separation arc introduced in early 
grades as foundation for the operations of addition and 
subtraction. Excessive time spent on set symbolization 
is to be avoided. 

Separation of sets: Fdeas relative to the separation 
of sets may be developed by: 



Summary of Sets of Numbers 

This material is included to help teachers under- 
stand that there is relationship between sets of num- 
L rs studied in elementary school and sets of numbers 
which may be studied later. Intentionally, no teaching 
suggestions are included in this section. Suggestions 
relative to teaching those sets of numbers pertinent to 
elementary mathematics will be found in other sections 
of the guide. 

E T ntary Aspects of Number Theory 

ne and Composite numbers: An interesting 

J of separating the prime numbers from the 
composite numbers is the Sieve of Eratosthenes. To 
find prime numbers less than 50. first list all counting 
numbers greater than 1 and less than 50: 

J Draw a ring around each prime number and cross 
out each composite number. In this sense only the 
prime numbers will not pass through the sieve. To 
begin, draw a ring around 2 and cross out each multiple 
of 2 thereafter. (If a number greater than 2 is a 
multiple of 2, it cannot b'' prime since it has 2 as a 
factor.) 





© 3 


/ 5 


/ 


1 


/ 


9 




11 


)i 13 


y( is 




17 


V s 


19 




21 


y( 23 


y( 25 




27 


¥ 


29 




31 


33 


> { 35 




37 


¥ 


39 




41 


43 


45 




47 




49 





Next, encircle 3 as a crime number and cross out 
all multiples of 3 that rem^’n. 



<30 


5 


^ 7 

\ 


/ 


II 13 


/ 


17 


. 19 


23 


25 


/ 


29 


31 ^ 


35 


37 


/ 


41 43 


/ 


47 


49 
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Next, encircle 5 and cross out all multiples of 5 
th3t remain. 




Of the remaining numbers, encircle 7 and cross out 
its multiples. 



@0 


Q & 




11 13 


17 


19 


23 




29 


31 


37 




41 43 


47 





All the remaining numbers are prime numbers and 
may be encircled. This can be verified by attempting to 
factor them. 

In similar fashion, the set of prime numbers less 
than any specified number can be determined. 
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NUMERATION 



A numeration system is a means of naming numbers. It involves a set of symbols or numerals and rules 
for combining these numerals to name numbers. An efficient system of numeration is a significant achievement 
for any people. It evolves as the result of ages of experimental manipulation of concrete objects, tally marks, and 
symbols of various kinds. The ability to work with abstract symbols as representations of real objects is a distin- 
guishing cbaiacteristic of civilized man. 

A section on numeration is included in this guide primarily to can attention to five features of the Hindu- 
Arabic decimal system which make it an efficient system of numeration: 

1. The Hindu-Arabic decimal system uses a base of *en. 

2. The system employs a finite set of symbols represented by the numerals or digits 0, 1 2 3 4 5 6 
7, 8, 9. 

3. A place value based on powers of ten, increasing in value from right to left, is assigned to each posi- 
tion in the numeral to represent numbers larger than 9. 

4. Each digit in the numeral represents the product of the number it names and the place value assigned 
to its position. 

t>. Each number named is the sum of the products mentioned above. 

While other systems may have some of these characteristics, it is important to remember that the Hindu- 
Arabic system includes all five It is also important to note that a place value system makes it possible to extend 
the numeration system to the right of the ones place so that any rational number may be represented. 

The study of other systems of numeration is included in this guide as a means of providing deeper under- 
standing and appreciation of the efficiency of the Hindu-Arabic system. These include systems that use a base 
other than ten, those that use different sets of symbols, and those which do not employ place value. Use of bases 
other than ten is to be found in tables of measurements in daily use: Base sixty in sixty seconds make one minute, 
sixty minutes make one hour; base twelve in twelve inches make one foot; base sixteen in sixteen ounces make 
one pound. Systems that use different sets of symbols are represented by Roman numeration and systems which do 
not employ place value by the Egyptian system. 



Mathematical Ideas Illustrations and E\p l a n at i ons 

Hindu-zVrabic Decimal Numeration 
System 

Symbols: Basic symbols for numera- The finite set of symbols for th' Hindu-Araoic system is {0, 1, 2, 3, 4 

tion are distinct, single characters as- 5, 6, 7, 8, 9}. These unit symbols are commonly called digits , 

signed to each whole number zero 
through 9, 



Base: The Hirdu-Arabic system em- 
ploys the use of a combination of two 
or more symbols when recording num- 
bers above 9. The numeral for the 
number which is one greater than 9 is 
called ten (10) and becomes the base 
of the system. The Hindu-Arabic sys- 
tem is called a decimal system of 
numeration because it uses a base of 
ten. 



Example: 

1, 2, 3, 4, 5, 6, 7, 8, 9, base. Using the first digit and 0, the bate 
becomes 10 which means 1 base and no units. In other numeration. 
system might be: 1, 2, 3, 4, base, or I, 2, 3, 4, 10 (1 base ana ..o 
units). 



o 
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Mathematical Ideas 



Illustrations and Explanations 



Place Value : The Hindu- Arabic sys- 
tem of numeration in addition to the 
idea of base also employs a positional 
pattern in naming any number greater 
than 9. The numeral for ten and all 
succeeding numerals of two or more 
digits are combinations made accord- 
ing to this pattern. In the numeral 10 
the digit 1 occupies the position of I 
base and zero occupies the units’ posi- 
tion. 



The numerals from ten to nineteen 
have been given unique names. 



Unique names derived from names 
for 2-9 have been assigned to each 
multiple of ten (the base) from ten to 
ninety. 



Example : 



10 


1 base or (1 x 10) + 0 


Ten 


11 


(1 x 10) + 1 


Eleven 


12 


(1 x 10) + 2 


Twelve 


13 


(1 x 10) +3 


Thirteen 


14 


(1 x 10) + 4 


Fourteen 


15 


(1 x 10) +5 


Fifteen 


16 


(1 X 10) +6 


Sixteen 


17 


(1 x 10) + 7 


Seventeen 


18 


(1 x 10) + 8 


Eighteen 


19 


(1 x 10) + 9 


Nineteen 


20 


2 bases or (2 x 10) + 0 


Twenty 


21* 


(2 x 10) + 1 


Twenty-one 


30 


(3 x 10) + 0 


Thirty 


40 


(4 x 10) + 0 


Forty 


50 


(5 x 10) + v> 


Fifty 


60 


(6 x 10) + 0 


Sixty 


70 


(7 x 10) + 0 


Seventy 


80 


(8 x 10) H- 0 


Eighty 


90 


(9 x 10) 10 


Ninety 


100 


(10 x 10) 


Hundred 



•The pattern used in counting from 1-9 continues with each multiple 
of 10 beyond 20. 
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Mathematical Ideas 



Illustrations and Explanations 



Unique names have been assigned to 
each group of ten tens or hundreds as 
each succeeding position to the left 
becomes 10 times the place value to 
its right. 



Example: 



1,000 (10 X 10 X 10) 

10,000 (10 x 10 X 10 X 10) 

100,000 (10 X 10 X 10 X 10 X 10) 



Thousand 
Ten thousand 
Hundred thousand 




Two ideas are involved in the place value principle: 

1. There is a number assigned to each position in the numeral. 

2. Each digit represents the product of the ramber it names and the 
place value assigned to its position. 



Zero: Zero is the numeral used to de- Zero is the number of the empty set. 
note the idea of “not any.” 

A = { }; N(A) 0 

Zero matches the point on the number line which separates the set of 
positive real numbers from the set of negative real numbers. 



Zero is necessary in a numeration sys- Example: In the numeral 403, the zero indicates that there are no 

tem which uses place value. Where 0 groups of ten in the numeral. The numeral, therefore, names four 

appears in a numeral, it indicates not groups of one hundred, no groups of ten, and three ones or units 
any groups in the place which is held 
by the zero. 



Exponents: In the base ten decimal 
sys.wTi of numeration factors of ten 
play an important role. 10 x 10 can 
be written 102, w here the 2, called the 
exponent, indicates how many times 
10, the base, is used as a factor. 



For example: 10* ~ 10 x 10 

10* = 10 X 10 X 10 

10‘ = T <10X10X10 

10 J - 10 X 10 X 10 X 10 X 10 



For any number o ( a r indicates that a has been used as a factor n 
times. 



10,000 1,000 

10 X 10 x 10 X 10 10 X 10 X 10 

10< 1Q3 



100 

10 X 10 
102 
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Mathematical Ideas 



Illustrations and Explanations 



Following this pattern, 10* is 10 and 10° is 1. 



Any number to the first power (having 
an exponent c! I) is equal to the 
number 



Any number (except zero) to the zero 
power (having an exponent of zero) 
is equal to one. 



Example: 10* = 10 15* = 15 

51= 5 8i= 8 

For any number a, a* = a 

Example: 10° =1 15° = 1 

5 ° = 1 80 = 1 

For any number a, a ^ 0, a° = i 



In summary: 

6,543 = 6,000 + 500 + 40 + 3 

= (6 X 1,000) + (5 X 100) + (4 X 10) + f 3 X 1 ) 

= 6 X (10 X 10 X 10) + 5 X (10 X 10) + (4 X 10) + 3 X 1 
= (6 X 103) + (5 X 102) + (4 X 101) + (3 X 100) 




Non-decimal Bases 

The important features of place value 
systems of numeration are: 

1. A base 

2. The use of a finite set of symbols 

3. The use of place value 

4. The use of tero 



Example: The numeral 101, w0 is read, “one zero one, base two,” and 
indicates that instead of grouping by ones (units), tens, and ten tens, 
groups of ones, twos and two twos are used. 

Example: 101 lwo = 1 X (2 X 2) + (0 X 2) + (1 X 1 ) 



Note: Zero and one are the only symbols emplc yed in base two. 



The HindU'Arabic system of numera- 
tion uses the number ten as a base. The 
choice of ten as a base is arbitrary. 
Any other number, except zero and 
one, can be used a , a base. 



Example: 23l foyr = 2 X (4 X 4) + (3 X 4) + ( 1 X 1 ) 



Note*. 0, 1, 2, 3 are symbols ed in base four. 



Examples: 987,„i„ = 9x (12 X 12) + (8 X 12) + (7 X 1) 
5e6,» # u # = 5 x (12 x 12) + (e x 12) + (6 x 1) 



Note: 0, I, 2, 3, . . . 9, t, e are symbols used in base twelve. 
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Mathematical Ideas 



Illustrations and Explanations 



i 



Work in non-decimal bases should be limited. Its value lies in helping 
students better understand the decimal system of notation by emphasiz- 
ing the ideas of place value irrespective of base. 



Ancient Numeration Systems 

2 ti ? Egyptian numeration system: The 
Egyptian numeration system used the 
number ten as a basis for grouping 
(base ten). Place value was not em- 
ployed since the numeration system 
had no symbol for zero. Each group 
of ten and each group of ten tens, etc. 
required the creation of different 
symbols. 



The Roman numeration system: The 
Roman numeration system used a base 
ten but added symbols for five, fifty, 
and five hundred so that numbers 
could be recorded with fewer repeti- 
tive symbols. Otherwise the Roman 
system was analogous to the Egyptian 
system. 



Example: 

Hindu-ArabiC 


Egyptian 


Names For 
Eg\ptian Symbols 


1 


1 


stroke 


10 


n 


heel bone 


100 


9 


coil of rope 


1,000 


t 


lotus flower 


10,000 




bent reed 


100,000 


. 1 


burbot fish 


1,000,000 


t 


astonished man 


Numerals: 


Hjndu-Arabic 


Egyptian 




121 


snn i 




563 I n 


m /£>9 so 9nnn n 



Order makes no difference since place value is not involved. 



Hjndu-Arabic Roman 

1 1 

5 V 



10 

50 

100 

500 

1,000 

10,000 

34,029 



X 

L 

C 

D 

M 

X 

xxxfvxxrx 
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Mathematical Ideas Illustrations and Explanations 



In order to simplify further the re- 
cording of numbers the Roman system 


Numerals: 




did two things: 


Hindu-Arable 


Roman 


Employed the subtraction principle 
by substituting IV for IITI and XL 


463 


= CDLXTII 


for XXXX. 


400 


- CD 


Placed a bar over a part or all of a 


60 


= LX 


Roman numeral to indicate multi- 
plication by 1,000. 


3 


= III 




The Roman system has a 


practical significance since it is used for re- 




cording dates, in numerals on clocks, numbering chapters in books, and 




in outlining. 
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Ti ACHING SUGGESTIONS FOR NUMERATION 



Hindu-Arabic Numeration System 



Symbols: Many children are able to count sets of at 
least five objects when they enter school and some may 
even recognize a few number symbols. The extent of 
this knowledge is easily determined. The problem then 
becomes one of associating number symbols, both 
words and numerals, with the number property of a set. 

Ability to associate symbol with number may be 
extended through such activities as the following: 



1. Beginning with sets with a known number of 
objects ar.d matctrng them with cards showing 
the numerals: 



Front: 









• • 
• • 




(Later word names may be added to the backs. 

A set of cards should be available for each 
child involved in the activity.) 

2. Providing stencils for children to cut out sets 
of numerals to use in games and activities like 
those which follow. 

3. Playing games where teacher holds up a set of 
fingers and children match with the correct 
numeral; where teacher holds up a numeral and 
children match with sets of fingers. 

4. Giving a numeral card to each child to find a 
place in line. 

5. Giving each child a group of numeral cards to 
arrange in order from least to greatest, or 
greatest to least, or top to bottom. 

6. Giving older children numeral cards of frac- 
tional numbers with like, then unlike denomi- 
nators, or decimal fractions to arrange in se- 
quential order. 

7. Using old calendar pages and drawing a ring 
around: 

a. Different numerals as dictated 

b. A numeral between two numerals: j-5, 8-10, 

15-17 

c. The numeral that represents the even num- 
ber between 9 and 6, or 2* and 28 
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d. The numeral between 16 and 26 which repre- 
sents a number divisible by 7, or which has 
7 as a factor. 

8. Giving time for children to invent game . 

9. Writing numerals: 

a. In order from 1 through 9 

b. To make price tags 

c. To play games 

d. To keep score. 

Base: Haxmg learned to associate one of the nu- 
merals 0-9 with the number property of the set which 
it matches, children are ready to learn how numbers 
larger than 9 are represented. The word ten has been 
associated with *he nuf Oer of fingers on normal hands 
or the number of toes on normal feet, but numerals 
which say one more than nine or two more than nine 
may not be recognized. 

Children work with such concrete materials as sticks, 
crayons, blocks, acorns, paper clips, or other objects 
which they have collected. It may prove helpful to be- 
gin with objects that may be grouped as 1 ten and 1 
one, then as 1 ten and 2 ones, before introducing 1 ten 
and 0 ones. The next step, the use of bead frames, 
counting boards and abacuses, should be followed by 
use of semi-concrete materials, pictures or cut outs on 
flannel board, to illustrate grouping by ten or base ten. 






It is agreed that one mark or bead on left hand 
rod represents 10 marks or beads on the right 
hand rod 

Ftace value: Understanding of place value may be 
developed by establishing a place to the left for bundles 
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